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Abstract. We study properties of solutions of the initial value problem for 
the nonlinear and nonlocal equation ut + {—d^)°'^^u + uuj: = with a G (0, 1], 
supplemented with an initial datum approaching the constant states u± {u- < 
as X — > ±cxD, respectively. It was shown by Karch, Miao & Xu (SIAM 
J. Math. Anal. 39 (2008), 1536-1549) that, for a e (1,2), the large time 
asymptotics of solutions is described by rarefaction waves. The goal of this 
paper is to show that the asymptotic profile of solutions changes for a < 1. 
If a = 1, there exists a self-similar solution to the equation which describes 
the large time asymptotics of other solutions. In the case a S (0, 1), we show 
that the nonlinearity of the equation is negligible in the large time asymptotic 
expansion of solutions. 



1. Introduction 

In this work, we continue the study of asymptotic properties of solutions of the 
Cauchy problem for the following nonlocal conservation law 

(1.1) ut + A"u + uu^^O, xeR,t>0, 

(1.2) u{0,x)^ua{x), 

where A" = (— 9^/9x^)"/^ is the pseudodifferential operator defined via the Fourier 

transform (A"u)(f) — |'CI"^(0- This equation is referred to as the fractal Burgers 
equation. 

The initial datum uo G L°°(R) is assumed to satisfy: 

(1.3) 3w_ < w+ with Mo — it_ G L^{—oo, 0) and uq — u-^- £ L^{0, +oo) 

(where u± are real numbers). An interesting situation is where uq £ BV(K), that 
is to say 

r 

(1.4) uo{x) — c+ / m{dy) 
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with c G M and a finite signed measure m on M. In that case Jourdain, Meleard, 
and Woyczyhski [111 112) have recently given a probabihstic interpretation to prob- 
lem (jl.ip - (jl.2p . Assumption (jl.3p holds true when 

(1.5) U- = c and — u_ = / m{dx) > 0. 

If c = and if m is a probability measure, the function uq defined in (jl.4p is 
the cumulative distribution function and this property is shared by the solution 
u{t) = u{-,t) for every t > (see [HHH]). As a consequence of our results, we 
describe the asymptotic behavior of the family {u{t)}t>o of probability distribution 
functions as t ^ +oo (see the summary at the end of this section). 

It was shown in [M] that, under assumptions (jl.3p - (|1.5p and for 1 < a < 2, 
the large time asymptotics of solution to (|l.ip - (|1.2p is described by the so-called 
rarefaction waves. The goal of this paper is to complete these results and to obtain 
universal asymptotic profiles of solutions for < a < 1. 

1.1. Known results. Let us first recall the results obtained in [Tl]. For a G 
(1,2], the initial value problem for the fractal Burgers equation (|l.ip - (|1.2p with 
Mo G L°°{M.) has a unique, smooth, global-in-time solution (c/. [HI Thm. 1.1], [51 
Thm. 7]). If, moreover, the initial datum is of the form (jl.4l) and satisfies l|1.3p - 
(jl.Sp . the corresponding solution u behaves asymptotically when t — > +oo as the 
rarefaction wave (c/. [14, Thm. 1.1]). More precisely, for every p € (^^,+oo] 
there exists a constant C > such that for all t > 0, 

(1.6) \\u{t) - w^{t)\\p < iog(2 + 1) 

(II • lip is the standard norm in L'p(R)). Here, the rarefaction wave is the explicit 
(self-similar) function 

X 

- < u^, 



(1.7) w^(x,t)^w^ 



t 

X X 

< ' - t - ^ 

X 



t - + 



It is well-known that is the unique entropy solution of the Riemann problem 
for the nonviscous Burgers equation wf' -\- w^w^ = 0. 

The goal of the work is to show that, for a € (0, 1], one should expect completely 
different asymptotic profiles of solutions. Let us notice that the initial value problem 
(jl.ip - (ll.2p has a unique global- in-time entropy solution for every uq g L°°(R) and 
a G (0, 1] due to the recent work by the first author [I]. We recall this result in 
Section H 



1.2. Main results. Our two main results are Theorems 11.31 and 11.61 stated below. 
Both of them are a consequence of the following L^-estimate of the difference of 
two entropy solutions. 

Theorem 1.1. Let < a < 1. Assume that u and u are two entropy solutions of 
(I - (j _? . i^p with initial conditions Uq and Uq in L°° (R) . Suppose, moreover, that uq 
is non- decreasing and uq — uq € L^(M.). Then there exists a constant C — C{a) > 
such that for all p G [1. +oo] and all t > 

(1.8) \\u{t) ~ uit)\\p < Ct-i^^-i^\\uo - Solli- 

Remark 1.2. (1) It is worth mentioning that this estimate is sharper than the 
one obtained by interpolating the L^-contraction principle and L°°-bounds 
on the solutions. 
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(2) Mention also that this result holds true for a € (1, 2] without additional BV- 
assumption on uq- Consequently, as an immediate corollary of (|1.6p and (jl.Sp . 
one can slightly complete the results from [M]. More precisely, let a S 
(1,2], Mo e L°°(E) satisfying ((O]) and u be the solution to (fTTt - lfra . 
Then for every p G (^^; +oo] there exists a constant C > such that for 
alH > 

\\u[t) - w"{t)\\p < Cr ^["-i-^l log(2 + t) + Ct-i^'-i\ 
even if uq < 



In the case a < 1, the linear part of the fractal Burgers equation dominates the 
nonlinear one for large times. In the case a = 1, both parts are balanced; indeed, 
self-similar solutions exist. Let us be more precise now. 

For a < 1, the Duhamel principle (see equation (j3.3l) below) shows that the 
nonlinearity in equation (II. ip is negligible in the asymptotic expansion of solutions. 

Theorem 1.3. (Asymptotic behavior as the linear part) 

Let < a < 1 and uq £ L°°(R) satisfying (II. 3p . Let u he the entropy solution to 
(li. jp - (j-?.^p . Denote by {Sa{t)}t>o the semi-group of linear operators whose infini- 
tesimal generator is —A". Consider the initial condition 



(1.9) Uo{x) 



X <0, 
x>0. 



Then, there exists a constant C — C{a) > such that for all p G {j^j +cxd] and 
all t > 0, 

^ ^ \\u{t)-So,{t)Uo\\p<Ct-i^^-i^\\uo-Uo\\i 

(1-10) w l^ 

+ C(m+ -u_)max{|M+|,|u_|} t^~^'-^~p\ 

Remark 1. 4. (1) It follows from the proof of Theorem ll.3l that inequality (|1.10p 
is valid for every p E [1, +oo]. However, its right-hand-side decays only for 

(t^,+oo]. 

(2) Let us recall here the formula Sa{t)UQ — Pa(t) * Uq where pa — Pa{x,t) 
denotes the fundamental solution of the equation ut -f A"m — (c/. the 
beginning of Section |3] for its properties). Hence, changing variables in the 
convolution Pa{t) * Uq, one can write the asymptotic term in (ll.lOp in the 
self-similar form {Sait)Ua)ix) = Ha{xt^^/°') where Ha{x) = (pa(l)*?7o)(a;) 
is a smooth and non-decreasing function satisfying \imx^±Qc Ha{x) ~ u± 
and dxHa{x) = (u+ - u_)pa{x, 1). 

In the case a = 1, we use the uniqueness result from [1 combined with a stan- 
dard scaling technique to show that equation (jl.ip has self-similar solutions. In 
Section m we recall this well-known reasoning which leads to the proof of the fol- 
lowing theorem. 

Theorem 1.5. (Existence of self-similar solutions) 

Assume a = 1. The unique entropy solution U of the initial value problem (|l.ip - 
(|1.2p with the initial condition (jl.9p is self-similar, i.e. it has the form U{x,t) = 
U (f , 1) for allxeR and all t > 0. 

Our second main convergence result states that the self-similar solution describes 
the large time asymptotics of other solutions to (|l.ip - (|1.2p . 

Theorem 1.6. (Asymptotic behavior as the self-similar solution) 

Let a = 1 and uq G i°°(M) satisfying (11.31) . Let u be the entropy solution to problem 
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(| j. jp - (|J.i^p . Denote by U the self-similar solution from Theorem ] 1.51 Then there 
exists a constant C — C{a) > such that for all p G [1, +oo] and all t > Q, 

(1.11) \\u{t) - U{t)\\p < Ct-(^-i)\\uo - UqWi. 

1.3. Properties of self-similar solutions. Let us complete the result stated in 
Theorem 11.61 by listing main qualitative properties of the profile U{1). 

Theorem 1.7. (Qualitative properties of the self-similar profile) 

The self-similar solution from Theorem \1.5\ enjoys the following properties: 

pi. (Regularity) The function U{1) — U{-^\) is Lipschitz- continuous. 
p2. (Monotonicity and limits) U{1) is increasing and satisfies 

lim U{x, 1) = u±. 

a;— f ±oo 

p3. (Symmetry) For all y G M, we have 

U_ + Ml 



U {c + y ,1) — 2c — U {c — y , 1) where c ; 



2 

p4. (Convex/concave) U{1) is convex (resp. concave) on (— oo,c] (resp. on 

[c, +CX.);. 

p5. (Decay at infinity) We have 

Ux{x,l) ^ ^^2tt^~ ^^^^'^ 1^1^+°^- 

Actually, the profile U{1) is expected to be Cj^ or analytic, due to recent regu- 
larity results [inilTlIIH] for the critical fractal Burgers equation with a ^ 1. It was 
shown that the solution is smooth whenever uq is either periodic or from (R) or 
from a critical Besov space. Unfortunately, we do not know if those results can be 
adapted to any initial condition from L°°(R). 

Property p3 implies that U{x{t),t) is a constant equal to c along the character- 
istic x{t) = ct, with the symmetry 

U {ct + y,t) ^2c-U {ct - y, t) 

for all i > and y G R. Thus, the real number c can be interpreted as a mean 
celerity of the profile J7(i), which is the same mean celerity as for the rarefaction 
wave in (II. 7p . 

In property p5, we obtain the decay at infinity which is the same as for the 
fundamental solutions pi(x, t) — t^^pi (xi~^,l) of the linear equation itt +A^w — 0, 
given by the explicit formula 

(1-12) Pi(-^i)-T^- 

Following the terminology introduced in , one may say that property p5 expresses 
a far field asymptotics and is somewhere in relation with the results in [5] for fractal 
conservation laws with a G (Ij 2), where the Duhamel principle plays a crucial role. 
This principle is less convenient in the critical case a — 1, and our proof of p5 does 
not use it. 

Finally, if u„ =0 and m+ — u_ 1, property p2 means that C/(l) is the cumula- 
tive distribution function of some probability law C with density Ux{l). Property p3 
ensures that C is symmetrically distributed around its median c; notice that any 
random variable with law C has no expectation, because of property p5. Proper- 
ties p4-p5 make precise that the density of £ decays around c with the same rate 
at infinity as for the Cauchy law with density pi{x, 1). 

The probability distributions of both laws around their respective medians can 
be compared as foUows. 
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Theorem 1.8. (Comparison with the Cauchy law) 

Let C be the probability law with density Ux{i), where U is the self-similar solution 
defined in Theorem I J. 51 with — and u+ = 1. Let X (resp. Y) be a real 
random variable on some probability space {Q,A,¥) with law C (resp. the Cauchy 
law (|1.12p (with zero median)). Then, we have for all r > 

P{\X~c\ <r) <P(|r-0| <r) 

where c denotes the median of X . 

Remark 1.9. More can be said in order to compare random variables X — c and 
Y. Indeed, their cumulative distribution functions satisfy Fx -six) = Fy{x) — g(x) 
where g is an explicit positive function (on the positive axis) depending the self- 
similar solution of (|l.ip (see equation (|6.26p '). 

1.4. Probabilistic interpretation of results for a € (0,2]. To summarize, let 
us emphasize the probabilistic meaning of the complete asymptotic study of the 
fractal Burgers equation we have now in hands. We have already mentioned that 
the solution u of (|l.ip - (|1.2p supplemented with the initial datum of the form (|1.4p 
with c = and with a probability measure m on M is the cumulative distribution 
function for every i > 0. This family of probabilities defined by problem (ll.ip - p.2p 
behaves asymptotically when t — !■ +oo as 

• the uniform distribution on the interval [0, if 1 < a < 2 (see the result 
from [13] recalled in inequality (II. 6p above); 

• the family of laws {Ct]t>Q constructed in Theorem 11.51 if a — 1 (see Theo- 
rem [TT6l); 

• the symmetric a-stable laws Pait) ii {) < a < 1 {cf. Theorem 11.31 and 
Remark 

1.5. Organization of the article. The remainder of this paper is organized as 
follows. In the next section, we recall the notion of entropy solutions to (|l.ip - 
(II. 2p with a e (0,1]. Results on the regularized equation (i.e. equation (jl.ip 
with an additional term —euxx on the left-hand-side) are gathered in Section |3) 
The convergence of solutions as e — >■ to the regularized problem is discussed in 
Section m The main asymptotic results for (|l.ip - (|1.2p are proved in Section [5] by 
passage to the limit as e goes to zero. Section [5] is devoted to the qualitative study 
of the self-similar profile for a = 1. For the reader's convenience, sketches of proofs 
of a key estimate from [14] and Theorem 14. II are given in appendices; the technical 
lemmata are also gathered in appendices. 

2. Entropy solutions for < a < 1 

2.1. Levy-Khintchine's representation of A". It is well-known that the oper- 
ator A" = (— 9^/9a;^)"/^ for a G (0, 2) has an integral representation: for every 
Schwartz function Lp G SiM.) and each r > 0, we have 

(2.1) A"</7 = A("V + A(°V, 

where the integro-differential operators A^"'' and Af'^'' are defined by 

(2.2) A(")^(.) . -gJ ^±±A_^^Lz1^ az, 

J\z\<r \z\ 

(2.3) A(o)^(.) . -G.j ^^^^dz, 

J\z\>r \Z\ 

where G„ = f}^'' . > and r is Euler's function. On the basis of this 
2x2+°r(i-f) 

formula, we can extend the domain of definition of A" and consider A^*'-' and A^"^ 
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as the operators 

A[") : CbiM.) Cb(R) and A^") : C^{R) Cb{S.); 

hence, A" : C^{R) -> Ch(M). 

Let us recall some properties on these operators. First, the so-called Kato in- 
equality can be generalized to A" for each a G (0, 2]: let 77 G C^(R) be convex and 
ip G C^(M), then 

(2.4) A°'r]{u) < r]'{u)A°'u. 
Note that for a = 2 we have 

-{■i]{u))xx = -ri"{u)ul - r]'{u)uxx < -rj' {u)uxx since 77" > 0. 

If a G (0, 2), inequality (|2.4[) is the direct consequence of the integral representation 
(j2.ip - (|2.3p and of the following inequalities 

(2.5) A(°)77(u) < r;'(u)A(o)u and K''^'^ri{u) < t^' {u)Ai°'^u, 

resulting from the convexity of the function 77. 

Finally, these operators satisfy the integration by parts formula: for all u G 
Cj2(M) and ipGV(R),we have 



(2.6) / ipAudx= / uAifdx, 

Jr Jr 

where A G {a1°\a1"\A"} for every a G (0, 2] and all r > 0. Notice that A(p G 
Li(M), since it is obvious from (l22])-(l231) that a["^ : W^-^(R) L'^{R) and Af°^ : 
L\R) L^{R). 

Detailed proofs of all these properties are based on the representation (j2.ip - (|2.3p 
and are written e.g. in [I]. 

2.2. Existence and uniqueness of entropy solutions. It was shown in |2] (see 
also [T^) that solutions of the initial value problem for the fractal conservation law 

(2.7) ut + A"u + {f{u))x^O, xgK, t>0, 

(2.8) u{0,x)=uo{x), 

where / : R — ^ R is locally Lipschitz-continuous, can become discontinuous in 
finite time if < a < 1. Hence, in order to deal with discontinuous solutions, 
the notion of entropy solution in the sense of Kruzhkov was extended in [T] to 
fractal conservation laws (|2.7p - (l2.8p (see also [TS] for the recent generalization to 
Levy mixed hyperbolic/parabolic equations). Here, the crucial role is played by the 
Levy-Khintchine's representation (j2.1l) ~ (|2.3p of the operator A". 

Definition 2.1. Let < a < 1 and uq e L'^{R). A function u e L'^iRx {0, +00)) 
is an entropy solution to ([^-(HSl if for all ip G V(Rx [0, -l-oo)), ^ > 0, 77 G C^iR) 
convex, (j) :R ^ R .such that (j)' — rj' f , and r > 0, we have 

(ri{u)ipt + (t){u)ipx - 7;(u)A^"V - A<,"^u^ dxdt 

r]{uo{x))(p{x,0) dx > 0. 



Note that, due to formula (12. 3L the quantity A^^'u in the above inequality is 
well-defined for any bounded function u. 

The notion of entropy solutions allows us to solve the fractal Burgers equation 
for the range of exponent a G (0, 1]. 
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Theorem 2.2 (pLj). Assume that < a < 1 and uo £ L°°(R). There exists 
a unique entropy solution u to problem ( |g. 7| )- (|i?.<$p . This solution u belongs to 
C([0, +cxd); and satisfies w(0) — uq. Moreover, we have the following max- 

imum principle: essinfuo <u< ess sup mq. 

If a e (1,2], all solutions to (|2.7p - (|2.8p with bounded initial conditions are 
smooth and global-in-time (see |S1 [Ml [IZ| ) ■ On the other hand, the occurrence of 
discontinuities in finite time of entropy solutions to (j2.7p - (|2.8|) with a = 1 seems 
to be unclear. As mentioned in the introduction, regularity results have recently 
been obtained [121 [3 [TH] for a large class of initial conditions which, unfortunately, 
does not include general L°°-initial data. Nevertheless, Theorem 12.21 provides the 
existence and the uniqueness of a global- in-time entropy solution even for the critical 
case a = 1. 

3. Regularized problem 

In this section, we gather properties of solutions to the Cauchy problem for the 
regularized fractal Burgers equation with e > 

(3.1) ul+ K^'u'' - eu%^ + u^ul = G, x e K, t > 0, 

(3.2) u''(a;,0) = uo(x). 

Our purpose is to derive asymptotic stability estimates of a solution = u^{x,t) 
(uniform in e) that will be valid for (|l.ip - (|1.2p after passing to the limit £ — > 0. Most 
of the results of this section are based on a key estimate from [Tl]; unfortunately, 
this estimate is not explicitely stated as a lemma in [TJ. Hence, for the sake of 
completeness, we have recalled this key estimate in Lemma |A.ll in Appendix 1X1 as 
well as the main lines of its proof. 

Below, we will use the following integral formulation of the initial value prob- 
lem (IXT])- (IX^ 

(3.3) u%t) = S'aitho - f Slit - T)u-(r)<(r) dr, 

Jo 

where {S'^(0}t>o is the semi-group generated by —A" -I- ed^. 

If, for each a S (0,2], the function pa denotes the fundamental solution of the 
linear equation ut -t- A"u = 0, then 

(3.4) 5^(t)Mo =Pa(^)*P2(e^)*"o• 
It is well-known that pa = pa{x,t) can be represented via the Fourier transform 
(w.r.t. the x-variable) Pa{S,,t) = e~*l^l . In particular, 

(3.5) pa{x,t) = t^i Paixt^i), 

where Pa is the inverse Fourier transform of e~l^l . For every a G (0, 2] the function 
Pa is smooth, non- negative, Jjg Pa{y)dy = 1, and satisfies the estimates (optimal 
for a ^2) 

(3.6) < Pa{x) < C(l + |a;|)-("+i' and \d^Pa\ < C(l + |x|)-("+2) 

for a constant C and all x € M. 

One can see that problem p.ip - p.2p admits a unique global-in-time smooth 
solution. 

Theorem 3.1 ([S]). Let a e (0, 2], e > and uo G L°°{M.). There exists a unique 
solution u"^ to problem \3.1^ ~ l\3.2l in the following sense: 

• £ Ct(R. X (0, -l-oo)) n C^{R X (a, +oo)) for all a>0, 

• satisfies equation i3.1\) on M x (0, +oo), 

• limf^o u^it) = ua in i°°(R) weak-* and in L^^^iR) for all p G [1, +oo). 
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Moreover, the following maximum principle holds true: 

(3.7) essinfuo < < ess sup uo- 

Proof. Here, the results from [8 can be easily modified in order to get the existence 
and the regularity of solutions to p.ip - p.2p with e > 0. □ 

Here are some elementary properties (comparison principle, L^-contraction prin- 
ciple and non-increase of the SV-semi-norm) of fractal conservation laws that will 
be needed. 

Proposition 3.2 ([S]). Let e > and and he solutions to p.ip - p.2p with 
respective initial data uq and uq in L°° (R) . Then: 

• if Uq <uq then uf^ < u'^, 

• ifuQ-u^G L^{R) then - u^\\l-°{o,+ooM) ^ ll"o - ua\\i, 

• ifuQ e BV{R) then |K(i)||L~(o,+oo,Li) < \uo\bv 

where \\ ■ ||l°c(o,+oo,li) o,nd \ ■ \bv denote respectively the norm in L°°(0, +oo, L"'"(M)) 
and the semi-norm in BV(K). 

Sketch of the proof. As explained in [SJ Remarks 1.2 & 6.2], these properties are 
immediate consequences of the splitting method developped in [8j and the facts that 
both the hyperbolic equation ut+uu-j; = and the fractal equation ut+A°' 
satisfy these properties. □ 

The next proposition provides an estimate on the gradient of u"^ . 

Proposition 3.3. Let < a < 1 and uq G L°°(]R) be non- decreasing. For each e > 
0, denote by u" the solution to \3.1\A3.^ . Then: 

• u%{x, t) > for all X eR and t > 0, 

• there exists a constant C = C{a) > such that for all e > 0, p [1, +oo] 
and t > 0, 

(3.8) \K{t)\\p<Ct-i^^--.^\uo\BV. 

Proof. For any fixed real h, the function u^(--|-/i, •) is the solution to (I3.1I) - (|3.2I) with 
the initial datum uq{- + h). Consequently, for non-decreasing uq and for h > 0, the 
inequality uo{- + h) > uq(-) and the comparison principle imply u^{- + h, ■) > u^{-, ■) 
which gives u| > 0. 

To show the decay of the L^-norm, one slightly modifies the arguments from [141 
Proof of Lemma 3.1]. One shall use Lemma [A. II with v = u'^. It is clear that v 
satisfies the required regularity: for all a > 

V e C^iR X (a,+oo))ni°°(0,+oo,Li(M)), 

thanks to Proposition 13.21 ensuring that 

II^'I|l~(0,-I-cx),L1) = ||'"a-||L~(0,-l-oo,Li) < IuoIbV- 

It thus rests to show that v satisfies (lA.ll) . By interpolation of the inequality above 
and the L°°-bound on v from Theorem 13.11 one sees that for all p E [1, +oo] and 
all t > 0, 

vit) G LP(R) and vt{t), A"vit),v,{t),v,,{t) e L°°(R). 
Hence, for p G [2, -l-oo), one can multiply the equation for v 

vt + A^v - evxx + {u^uD^ = 0, 
by v^~^ to obtain after integration: 

(3.9) ( VtvP-^dx+ [ vP-^A"vdx-e [ v^^yP-^ dx + ^^—^ [ vP+^ dx ^ 0; 
Jr Jr Jr P Jr 
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here one has used that \im^^^_^^^v{x,t) ~ (since v{t) e Cj^{M.) n L-'^(R)) to 
drop the boundary terms providing from integration by parts. Integrating again by 
parts, one sees that 



Vxx^{v) dx = e vl^'{v) dx >0 
Jr 

for all non-decreasing function $ e C^(M) with $(0) = 0; Choosing $(w) = 
one gets 

(3.10) / Vxx\v\P^^vdx > 0. 

We deduce from (j3.9p , (j3.10p and the non- negativity of v that 

vt\vf-^vdx+ f MP-^vA^vdx <0 



for all p e [2, +oo) and t > 0. This is exactly the required differential inequation 
in (jA.l[) . Lemma Fa. II thus completes the proof. □ 

We can now give asymptotic stability estimates uniform in e. 

Theorem 3.4. Let a E (0, 2]. Consider two initial data uq and uo in L°°{M.) such 
that uq is non- decreasing and uq — uq E L^{M.). For each e > 0, denote by 
and the corresponding solutions to ^S.l\ - ^3. 21 . Then, there exists a constant 
C = C{a) > such for all e > , p E [1, +oo] and t > 

(3.11) \\u^t)-^^{t)\\p<Ct-i'''-i^\uo-uo\\i. 

Proof. The proof follows the arguments from [14, Proof of Lemma 3.1] by skip- 
ping the additional term providing from — euj^. That is to say, one uses again 
Lemma lA.ll with v — u'^ — u^. First, the L-'^-contraction principle (see Proposi- 
tion [X^]) ensures that v satisfies the required regularity with 

~ U^IIl-XO.+ocLI) < \\uq~IM)\\i. 

In particular, once again the interpolation of the L^- and L°°-norms implies that v 
is LP in space for all time and all p E [1, +oo]. Second, one takes p E [2, +oo) (so 
that all the integrands below are integrable) and one multiplies the difference of 
the equations satisfied by and by jwl^^'^i;. One gets after integration: 

(3.12) / vt\v\P-^vdx+ I \v\P-'^vh°'vdx 



xx\vY'''^vdx+]- [ {v^ +2vu<')^\v\P-^vdx = 0. 

The last term of the left-hand side of this equality is non- negative, since integrations 
by parts give 

{v'^ + 2vu^)^ \v\P~^vdx 

2vx\v\Pdx+ I 2'^Vx\v\P-^vdx+ [ 2^Jv\p dx, 



= 2(l-i 1 / 2u%\v\Pdx>0 



(once again the boundary terms can be skipped since v vanishes for large x). More- 
over the third term of (j3.12p is also non- negative by p. 101) . One easily deduces the 
desired inequality (|A.ip and completes the proof by Lemma lA.ll □ 
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Theorem 3.5. Let < a < 1 and uq E L°°(M) be non- decreasing. For each £ > 0, 
denote by the solution to l\3.1^ - l\3.2^ . Then, there exists C — C{a) > such 
that for all e > 0, p G [1, +oo] and t > 

h'it) - S'^{t)uo\\p < C\\uo\Uuo\Bvt'~i'^'--^^ 
(where {S^(t)}tyQ is generated by —A" + ed^). 
Proof. Using the integral equation (I3.3P we immediately obtain 

(3.13) \\u%t) - S'^it)uo\\p < f \\Sl{t - t)u-{t)u%{t)\\^ dr. 

Jo 

Now, we estimate the integral in the right-hand side of p.l3p using the L^-decay of 
the semi-group S^{t) as well as inequalities p.7p and p.Sp . Indeed, it follows from 
(ESI)- (ESI that 



|b2(£t)||i = l and |bo(t)|l. = i-*(^"^)|ba(l)||. 

for every r g [l,+oo]. Hence, by the Young inequality for the convolution and 
inequalities (13.71) . p.8|) . we obtain 

\mt-T)u%T)uUr% 

< lb«(t-T)*(u^(T)<(T))||p, 

^^■^^^ <C(t-r)-i(i-i)h-(r)|U||<(r)||,, 

<C{t~r)-i^-^-^^\\uo\\oo\uo\BvT-i'-'-^\ 

for all 1 < g < p < +oo, t > 0, r e {0,t), where the constant C only depends 
on maxj.g[i^oo] |bQ,(l)||r and the constant in p.Sp . 

Next, we decompose the integral on the right-hand side of (|3.13l) as follows 
Jq ■.■ dr = Jp*^^ ... dr -\- J^^2 ■■■ dr and we bound both integrands by using inequality 
p.l4p either with q = 1 or with q = p. This leads to the following inequality 

\\u%t) ~ S'^it)uo\\p 

(3.15) 



< Clbolloobolw ( [\t- r)-*(i-^) dT+ [ r-i(i-^) dr 



t/2 



2/3 _ 1 



where /3 = 1 — ^ ^1 — It is readily seen that /? € M — > ^2f^-i is positive and 

continuous and that p e [1, +oo) ^-1 — ^^1 — is bounded. This completes the 
proof of Theorem 13.51 □ 

4. Entropy solution: parabolic approximation and self-similarity 

In this section, we state the result on the convergence, as e — )■ 0, of solutions of 
p.ip - (l3.2p toward the entropy solution u of (|l.ip -" (|1.2p . We also prove Theorem ll.51 
about self-similar entropy solutions in the case a — 1. 

Together with the general fractal conservation law p.7p - p.8p . we study the 
associated regularized problem 

(4.1) ul + A°'u'-eul^ + {f{u^))^^0, x e M, i > 0, 

(4.2) u''{x,0) ^uo{x) 

where / G C°°(M). Hence, by results of [5] (see also Theorem 13. ip . problem (|4.ip - 
admits a unique, global-in-time, smooth solution . 
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Theorem 4.1. Let uq E L°^{M.). For each e > 0, let be the solution to '\4-^ ~ 
^4.2\ and u he the entropy solution to \2.1\ - \2.8l . Then, for every T > 0, u"^ u 
in C{[0,T];Ll^{R)) as e ^ 0. 

The proof of Theorem 14.11 is given in Appendix |B] 

Remark 4.2. This result actuahy holds true for only locally Lipschitz-continuous 
fluxes /. More generally, multidimensional fractal conservation laws with source 
terms h = h{u, x, t) and fluxes / = f{u, x, t) (see [HI H]) can be considered. 

Proof of Theorem \1.5\ The existence of the solution U to equation with a = 1 
supplemented with the initial condition (jl.9p is provided by Theorem l2.2l To obtain 
the self-similar form of J7, we follow a standard argument based on the uniqueness 
result from Theorem 12.21 Observe that if U is the solution to (11.11) , the rescaled 
function U^{x,t) — U{Xx,Xt) is the solution for every A > 0, too. Since, the initial 
datum p.9p is invariant under the rescaling Uq{x) = Uo{Xx), by the uniqueness, 
we obtain that for ah A > 0, U{x, t) = U{Xx, Xt) for a.e. (a;, e M x (0, +oo). □ 

5. Passage to the limit e — >• and asymptotic study 
In this section, we prove Theorems II. 1[ 11.31 and 11.61 

Proof of Theorem Denote by and u!^ the solutions to the regularized equa- 
tion (j3.ip with the initial conditions uq and uq- By Theorem l4.1l and the maximum 
principle (13.71) . we know that limg^o u'^(i) — u{t) and lim£_>.o u^(t) = u{t) in Lfp^(K) 
for every p g [1, -|-oo) and in L°°(IR) weak-*. Hence, for each R> and p G [1, -l-oo], 
using Theorem 13.41 we have 

\\u{t) - u(t)\\LP((-R,R)) < li^inf \\u%t) - U^{t)\\LP{{-R,R)) 

<Ct-i^'-l^^\uo-uo\\i. 

Since i? > is arbitrary and the right-hand side of this inequality does not depend 
on R, we complete the proof of inequality (II. 8p . □ 

Proof of Theorem \1.3[ In view of Theorem 11.11 it suffices to show the following 
inequality 

\\u{t) - 5a(<)uo||p < C||C/o||oo|C/o|wi'"^^'"^\ 
where u is the solution to (jl.lD with Uq as the initial condition. Notice that 
||t^o||oo = w+ — it_ and |[/o|_By = max{|M+|, in this case. 

Here, we argue exactly as in the proof of Theorem 11.11 since we can assume 
that lime_>o"^(0 = ^\oS^) ^^"^ every p e [1,+(X)) and in weak-*. 

Moreover, it is well-known that for fixed i > 

lim SI (t) Uo = hm (et) * (p, (t) * C/q) = (t) Uo in LP (R) 

for all p e [1, +oo]. Hence, for every R > and p E [I, +oo], by Theorem 13.51 we 
obtain 

\\u{t) - Sa.{t)Uo\\LPii-R,R)) < lim^nf \\u'{t) - SUt)Uo\\LP(i-R,Ry) 

The proof is completed by letting R — > +oo. □ 
Proof of Theorem \l.b\ Apply Theorem 11.11 with a = 1 and uq = Uq. □ 

6. Qualitative study of the self-similar profile for a — 1 
This section is devoted to the proof of Theorems 11.71 and 11.81 
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6.1. Proof of properties pi— p4 from Theorem 11.71 The Lipschitz-continuity 
stated in pi is an immediate consequence of Proposition 13.31 and Theorem 14.11 
Indeed, U{1) is the limit in Lj^^{M) of w'^(l) as e 0, where u"^ is solution to (|3.ip - 
([321) with uo = Uo defined in Moreover, by ([SH), the family {u''(l) : e > 0} is 

equi-Lipschitz-continuous, which implies that the limit U{1) is Lipschitz-continuous. 

Before proving properties p2-p4, let us reduce the problem to a simpler one. We 
remark that equation p.ip is invariant under the transformation 

(6.1) V{x,t) = U{x + ct,t)-c where c = "~ ^ ^+ ; 

that is to say, if [/ is a solution to (|l.ip with U{x, 0) — Uo{x) defined in (|1.9p . then 
V is a solution to (|l.ll) with the initial datum 

u+, X < 0, 



V{x,0) = Vo{x) 



X > 0, 



where w_ = — w+ and u+ = |c| > 0. It is clear that U satisfies p2-p4, whenever V 
enjoys these properties. In the sequel, we thus assume without loss of generality 
that U- = — u+ and > 0. 

It has been shown in [51 Lemma 3.1] that if uq E L°°{M.) is non-increasing, odd 
and convex on (0, +oo), then the solution u of (|l.ip - (|1.2p shares these properties 
w.r.t. X, for all t > 0. The proof is based on a splitting method and on the 
fact that the "odd, concave/convex" property is conserved by both the hyperbolic 
equation ut + uu^ and the fractal equation ut + A^u = 0. The same proof works 
with minor modifications to show that if uq is non-decreasing, odd and convex 
on (— oo, 0), then these properties are preserved by problem (ll.ip ~ (ll.2p . Details are 
left to the reader since in that case, no shock can be created by the Burgers part 
and the proof is even easier. By the hypothesis u_ = — u+ < made above, the 
initial datum in (II. 9p is non-decreasing, odd and convex on {—oo,0). We conclude 
that so is the profile U{1). The proof of properties p3-p4 is now complete. 

What is left to prove is the limit in property p2. By Theorem l2.2[ we have U{t) — > 
Uq in Ll^^{M.) as i 0. In particular, the convergence holds true a.e. along a 
subsequence <„ — as n — ^ -l-oo and there exists ±x± > such that U{x±,tn) — >■ 
u±. By the self-similarity of U, we get U ^f^, 1^ u± as n +oo. Since ^ 
±oo and C/(l) is non-decreasing, we deduce property p2. 

6.2. Some technical lemmata. The last property of Theorem 11.71 is the most 
difficult part to prove. In this preparatory subsection, we state and prove technical 
results that shall be needed in our reasoning. 

Lemma 6.1. Let v G L°°(M) be non-negative, even and non-increasing on (0, -|-cx)). 
Assume that there exists £ > such that for all xq > 1/2, 

|.n(2;o-Hl/2) 

(6.3) lim n^^ / y'^v{y)dy = i. 

"^+°° Jn{xo-l/2) 

Then, we have y'^v{y) — >|j,|-!.+oo ^• 
Proof. For all xq > 1/2, we have 

n(xo + l/2) 

yMy}dy > n\xo - l/2)Mn{xo + 1/2)), 

.(3:0-1/2) 

thanks to the fact that v is non-increasing on (0, +00). Hence, we have 



n2(a;o + 1/2)2 ^n(xo+i/2) ^ ^ 



n'ixo + l/2yvin{xo + 1/2)) < , n'' / yMy)dy. 

n^(a;o- 1/2)2 J„(xo-i/2) 
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Taking the upper semi-hmit, we get for all > 1/2 

/ T.n -4- I / / \ 

(6.4) linisupn^(a;o + l/2Yv{n{xo + 1/2)) < t 



n— > + oo 



V2;o-l/2; ' 

thanks to (|6.3p . In the same way, one can show that for all > 1/2, 



(6.5) <liminfn2(xo-l/2)^i;(n(xo-l/2)). 
\a:o + l/2/ n->+c' 



hoc 



Moreover, for fixed xq > 1/2 and all y > + 1/2, there exists an unique integer Uy 
such that 

ny{xo + 1/2) <y<(ny + l){xo + 1/2). 
Using again that v is non-increasing on [0, +oo), we infer that 

y'^viy) < {ny + lf{xo + l/2)^ v{ny{xQ + 1/2)), 



nlixo + 1/2 f v{ny {xQ + 1/2)). 



Notice that ny +oo as ?; — s- +oo. Therefore, passing to the upper semi-limit 
as 2/ — !■ +00 in the inequality above, one can show that for all xq > 1/2 



limsupy v{y) < £ 



xa + 1/2 



2 



.2^0-1/2, 

thanks to (|6.4p . In the same way, we deduce from (|6.5I) that for all > 1/2 

— ^1 < liminf ^^^(i/). 

^xo + l/2j -y^+oo^ 

Letting finally xq — > -f-oo in both inequalities above implies that 

£ < liminf y'^w(j/) < limsup y^v{y) < £. 

Since v is even, we have completed the proof of the lemma. □ 

For all r > 0, the operator is the sum of A'^^ and Ai^\ As far as A^^^ is 
concerned, we have the following lemma. 

Lemma 6.2. Letu £ L°°(R) be non- decreasing, odd and convex on {—oo,0). Then, 
for the operator defined in ^K^, we have A^^^u e L;^^^(R») together with the in- 
equality 

(6.6) / |A(i)zi(x)|dx< ^i^hlloo 

J\x\>n. U — r 

for all R > r > 0. 

Proof. The proof is divided into a sequence of steps. 

Step 1: estimates of Ux. The convex function u on (— (X),0) is locally Lipschitz- 
continuous on (— oo, 0) and a fortiori a.e. differentiable. Since u(fS) = 0, we have 
for X < 

(6.7) \ux{x)\<\\u\\^\x\-^- 

Remark that this estimate holds true for x € R since u is odd. 

Step 2: estimates ofu^x- By convexity of u, u^x is a non- negative Radon mea- 
sure on (—00,0) in the distribution sense. Hence, Ux € BVioc{{~oo,Q)) satisfies 



14 



NATHAEL ALIBAUD, CYRIL IMBERT, AND GRZEGORZ KARCH 



I{x x] ^vv(dy) — Ux{x) — Ux{x), for a.e. a; < x < 0. Using (|6.7p and letting x — > — oo, 
we conclude that for a.e. a; < 

Uyyidy) = Ux{x), 

thanks to the sup-continuity of non-negative measures. Again by (j6.7p and oddity 
of Uxx, this shows for a.e. x ^ 

(6.9) / \uyy\idy) <2\\u\\^\x\-^; 

''\y\>M 

notice that by the inf-continuity of non-negative measures, this inequality holds for 
all x^O. 

Step 3: estimate of hir^u. Let us prove that hipu is well-defined by formula 
([^ for a.e. a; ^ 0. By the preceding steps, we know that u e L°°(R) n 1¥/;^°°(M*) 
and Ux S BVioci^*)- By Taylor's formula (see Lemma rC.2l in Appendix [C|) . we 
infer that for all i? > r > 

1^1 I K^±f)^4^1^^^ 



\x\>B. J\z\<r 

< I I 

J\x\>R J\z\<r 



\x + z- y\uyy[dy) 



dx dz. 



where Ix,z = (a;, a;-f z) if z > and Ix.z = (x + z, x) in the opposite case. Therefore, 
we see that 



/< / / \z\ ^ \uyy\{dy) dx dz 

J\x\>RJ\z\<r Jl^^^ 

= / l^r^l{|2|<r-} / '^i^.Ay) dx \uyy\{dy) dz, 
Jr, Jm. J\x\>F/. 



'\x\>B. 

by integrating first w.r.t x; notice that all the integrands are measurable by Fubini's 
theorem, since the Radon measure \uyy\{dy) is cr-finite on R,. For fixed {y,z) € 
M* X R, we have 

'^{\^\<r} / 'i-I^ Ay) dx < \z\ l[\z\<r} 'i-{\y\>R-r}7 

J\x\>R 

because the measure of the set {x : y € Ix,z} can be estimated by \z\, and if \z\ < r, 
then 1/^ ^ (y) = for all \x\ > R whenever \y\ < R — r. It follows that 



I< lii:,i<r} l{\y\>R-r} \uyy\{dy) dz = 2r \uyy\{dy). 

Jr. Jr J\y\>R-r 

Recalling the definition of / above and estimate (|6.9p . we have shown that 

f f \u(x + z) — u(x) — U,r(x)z\ , , si 

(6.10) / / ' ^ ^ — ^^^—!-^dxdz<Ar\\u\\oo{R~r)-\ 



J\x\>RJ\z\<r 

Fubini's theorem then implies that Ar^''u(a;) is well-defined by (|2.2p for a.e. |a:| > 
R> r hy satisfying the desired estimate (|6.6p . 



Step 4- local integrability on R^. Estimate (|6.6I) implies that aI- u e Ljg^{W\ 

[— r, r]). In fact, aI^^u is locally integrable on all M*. Indeed, simple computations 
show that for all r > r > 

(6.11) AWu + A(o)m = A^')u + a1°^u, 
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since their difference evaluated at some x is equal to /p<|2|<r ~^jfp^i which is 
lull by oddity of the 

.(0) 



null by oddity of the function z —Ux{x)z. By Step 3, it follows that a'^^'m = 
A^J-^u + A^°\ - aI"^ e Lj^^iR \ ?]), which completes the proof. □ 



It is clear that Aj. ' maps L°°(R) into L°°(M) and if {u„}ngN is uniformly es- 

:i„,(M), then Ai"^M„ ^ Ai"^M in Ll^{ 



sentially bounded and m„ — u in Lj (M), then Ai^^Un — > A^^^m in Lj (M.) as 



Remark 6.3. Lemma 16.21 implies that A^u €E Lj^^{M.^,) whenever u G L°°(R) is 
non-decreasing, odd and convex on (— oo,0). This sum does not depend on r > 
by (j6.11|) . Moreover, one sees from (j6.10p . Fubini's theorem and (|2.ip . that for 
all ip £ 2?(M*), Jj^cpA^u dx = j^uA^ip dx. This means that this sum corresponds 
to the distribution fractional Laplacian of u on R*. 

We deduce from the previous lemma the following one 

Lemma 6.4. Let u € Ch(R) he non- decreasing, odd and convex on (— oo, 0). Then, 
the function A^u £ L]^^{^^) satisfies for all Xq > 1/2, 



lim n^^ / \A^u{y)\dy ^ 0. 

/n(xo-l/2) 



< 



Proof. By Remark [Ql one has A^u G Lj^^{Rf). Let r > be fixed. One has 

<.n(a:o + l/2) 

/„ = n-' / \AMy)\dy 

Jn{xo-l/2) 

<n-W |AWu(y)|rfy + 7i-i / \K^^^u{y)\dy 

Jn(xo~l/2) Jn(xo-l/2) 

-IT-, TTT^T ll'"l|oo + sup I |A(°)(y)| : nixo - 1/2) < y < n{xo + 1/2) \ , 

thanks to (j6.6p . Moreover, Ar°''u is continuous, hence the supremum above is 
achieved at some j/„ > n(xQ — 1/2); hence, one has 

4G'ir /" + z) - m(|/„)| ^ 

where lim„_j.+oo J/n = +oo. Since u is non-decreasing and bounded, it has a limit 
at infinity; the dominated convergence theorem then implies that the integral term 
above tends to zero as n — ^ +oo. It follows that lim„^_|_oo In = 0. □ 

6.3. Proof of property p5 from Theorem 11.71 We assume again without loss 
of generality that u_ ~ —u+ < 0, thanks to the transformation (j6.ip : hence, Uq G 
L°°(R) is non-decreasing, odd and convex on {~oo,0) and so is U{t) for all i > 
by properties p2-p4 of Theorem 11.71 We proceed again in several steps. 

Step 1: study of A^U . Before deriving the equation satisfied by C/(l), we study 
A^U. 

Lemma 6.5. Let a — \ and U be the self-similar solution from Theorem \L5\ 
with initial datum Uq in (|1.9p for some u_ — — u+ < 0. Then, for all t > 0, 
one has A^U(t) € Ll^^{R^:). Moreover, A^U(t) converges toward A^Uq in Ll^^{M.^,) 
as t ^ 0, where for all x ^ Q 

A'Uo{x)^^^±-^x-\ 
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Proof. By properties p2-p4 of Theoreni ll.7l U{t) e i°°(M) is non-decreasing, odd 
and convex on (— oo,0) for all t > Q. By Remark 16.31 A^U{t) and A^Uq belong 
to Ll^^{R.^,). By taking < r < simple computations show that 

(6.12) Ai^^Uoix) = and A(°'[/o(a;) ^ 



27r2 ' 
so that 

A'Uo{x) = ^^±^x~'; 

here, we have used the equalities r(l) = 1 and r(l/2) ~ y/n in order to get 
Gi = (27r2)-i in ([221) -([2131). Moreover, Theorem [22] implies that U{t) -> C/q 
as t ^- in Lj^^iR) with ||C/(t)||oo < ||C^o||oo- We remark that for fixed r > 
0, A^r ^U{t) Ai°^Uo in LlM) as i ^ 0. It follows that for all R> R>r, 



limsup / ^ \A^U{t) ~A^Uo\ dx 

t^O Jr<\x\<R 



t^O Jr<\x\<R 

< limsup / _ |At^^C/(i) - Al}'>Uo\ dx, 

t->0 Jfl<|£i;|<i?. 

= limsup / _^\Ai^'>U{t)\dx bv (I6J21) . 

Ji?<|£i;|<i?. 

< limsup 4Gir||;7(i)||oo(i?-r-)"^ by (EH) in Lemma 

<4Gir||i7o||oo(i?-r)-i. 
The proof is completed by letting r — > 0. □ 

Step 2: equation satisfied by U{1). By using r](r) = ±r in Definition 12.11 we 
obtain (in a classical way) that entropy solutions to (|l.ip arc distribution solu- 
tions, i.e. 

(6.13) Ut + UUx+A^U = in 2?'(M x (0, +oo)). 

By property pi of Theorem 11.71 one has U{1) G W^'°°(U.). By the self-similarity 
U{x,t) = U one has at least Ut^U^ € Lf^ci^ x (0,-l-cx))) together with the 

following equalities for a.e. t > and a; G R 



ix,t) = -xt-^Ux[^,l^, Uxix,t) = (|,l). 



By Lemma [6.51 we have also A^[/(l) G Lj^^{R^). Using again the self-similarity, 
it is easy to deduce from (pTTj) that A^U G Lj^^O^* x (0, +oo)) with for a.e. t > Q 

and a; e R,, 



A^U{x,t)=t-^A^u(^^,l^ 



(in fact, A^U G L^^(R x (0,+oo)) by (l6T3ll so that A^U{1) G L'{^^{R)). Putting 
these formulas into (|6.13p . we get for a.e. t > and x e R, 



-xt^^U, 



Multiplying by t and changing the variable hy y = t ^x, one infers that the pro- 
file U{y) = U{y, 1) satisfies for a.e y G R 

(6.14) {U{y)^y)Uy{y)+A'U{y)^0. 

Step 3: reduction of the problem. By properties pl-p4, the function Z^j, G L°°(R) 
is non-negative, even and non-decreasing on (— oo, 0). Then, Lemma |6 . 1 1 shows that 
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the proof of p5 can be reduced to the proof of the foUowing property: 

Mxo + l/2) _ 

(6.15) Vxo > 1/2 lim n'^ / y^Uy(y)dy 



"-*+°° Jn{xo-l/2) 27r2 

Moreover, equahty (|6.14l) impHcs that Uy{y) = yJi}(^J) (for a.e. y > \\U\\od) and 
Lemma 16.41 hnpUes that 



hin / \A^U{y)\dy ^0; 

Jn{xo-l/2) 



n— >-f CO 



hence, smce y^m^y-^ ~ U + C(l) as \y\ — ^ +oo, one deduces that (|6.15p is equivalent 
to the following property: 

l.n{xo + l/2) _ 

(6.16) Va;o>l/2 limn'' yA'U{y) dy = \ 

Conclusion: proof of (j6.16l) . Let us change the variable by y = na;. Easy 
computations show that 

fn{xo + l/2) i-xa + 1/2 



n-1 



/ yh}U{y)dy = nxA^U (^^,1] ndx, 

Jn(xo-l/2) Jxo~l/2 ^'^ ^ 



20 + 1/2 

a:A^C/(x,n~^)da;. 

a;o-l/2 

Since lemma 1531 implies that {A'U{x, n'')}neN converges in L^((a::o — 1/2, a;o+l/2)) 
toward as n — !■ +oo, the proofs of (j6.16p and thus of property p5 are 

complete. 

6.4. Duhamel's representation of the self-similar profile. It remains to prove 
Theorem 11.81 for which we need the following result. 



Proposition 6.6. Let a ~ 1 and let U be the self-similar solution of Theorem ] 1.5\ 
with u± — ±1/2. Then, for all a; G R, we have 

(6.17) C/(x,l) = -l/2 + i/i(a;,l) 

"^/^ C/2(-/r 1) 

d,Pi{l-T)* ' > (x) dr 

1 

T-ipi(l - r) * {U{-/t, 1)U^{-/t, 1)) (x) dr 

1/2 

(where Hi{x, 1) = f^^piiy, l)dy). 

Proof. The proof proceeds in several steps. 

Step 1: Duhamel's representation of the approximate solution. Notice that for- 
mula (|6.17p makes sense. Indeed, by the homogeneity property p.Sp . we have for 
alH > 

(6.18) \\dxPi{t)\\i ^ Cot-\ 

_____ 1/2 

where Cq = ||9a;Pi(l)||i is finite by (13. 6p . Hence, the integral . . .dr in (|6.17p is 
well-defined since the integration variable r is far from the singularity at r = 1. In 
the same way, since C/(l) S VF^'°°(]R), the integral ^^^.^ . . .dr is also well-defined. 

Let now it^ be the solution to the regularized equation p.ip . with initial da- 
tum Ua in (jl.gp . The goal is to pass to the limit in formula (13. 3p at time t ~ 1, 
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namely 



(6.19) u^x,l)^SUl)Uoix) 
P2{e{l - r)) * 9,pi(l - r) * » (x) dr 

P2(£(l - t)) * pi(1 - t) * {u" {t)uI{t)) {x) dr, 

1/2 

for all xeR. 

Step 2: pointwise limits and bounds of the integrands. We first remark that 

lim u'^(x, t) = . 

Indeed, we know that m"^ is non-decreasing and it can be shown for instance that 
— Uq & This fact can be proved by splitting methods for instance. 

Hence, thanks to Dini theorem for cumulative distribution functions, we know 

that for fixed < > 0, lim£_>o u'^{t) converges toward U{t) uniformly on R. 
Let us next recall that dxPi{t) € -L^(K), so that for fixed r e (0, 1) 

(u^(t))2 (C/(r))2 
lim dxPi{l — r) * = dxPi{l — r) * uniformly on M. 

It follows from classical approximate unit properties of the heat kernel P2ix, t) that 
for aU T e (0,1), 

(6.20) limp2(e(l - r)) * dxPi{l ~ r) * Mill! = a,pi(l - r) * M^H! 
uniformly on M. In particular, for all re (0, 1), we have also 

(6.21) limp2(e(l - r)) * pi(l - r) * (u^(tX(t)) - pi(l - r) * (C/(T)C/,(r)) 



uniformly on M, since 



P2(e(l - t)) * aa;pi(l - r) 



(z.^(r))2 



P2(£(l - t)) *pi(l - t) * (M''(rX(T)) 



and 9^:^1(1 — r) * 



Pi{1-t)*(U{t)Ux{t)). 



Moreover, by p.7p . p.Sp withp = +00 and (j6.18L one can see that the integrands 
of (j6.19p are pointwise bounded by 



(6.22) 

and 

(6.23) 



P2(£(l - t)) * dxPiil - r) * 



<Co(1-t)-i 



<r-'\\uo\\ 



P2(e(l - r)) *pi(l - r) * {u%t)uI{t)) 
Step 3: passage to the limit. Recall that 

\}mSl{l)Uo = 5i(l)t/o =pi(l) * f/o 

in U'{M.) for ah p e [l,+oo]. Let us recall that J7o(.t) = ±1/2 for ±a; > and 
Jg^Piiy, i)dy — 1, so that for all a; € R 



1/2 +pi(l) * Uo{x) = pi{l) * {Uo + l/2){x) 



Pi{yA)dy = Hi{x,l). 



We have proved in particular that lime^o Si{l)Ua = — l/2 + iJi(l) pointwise on ' 
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In order to pass to the limit in the integral terms of (I6.19p . we use the Lebesgue 
dominated convergence theorem. We deduce from (j6.20l) and (|6.22|) that for all x € 
R, the first integral term converges toward 

f^^^ (U(t)Y 

d,Ml - t) * ^-^^Y^ (x) dr 

as e — )■ 0. In the same way, we deduce from (|6.2ip and (|6.23p that the last integral 
term converges toward 

/ Pl{l-T)*{U{T)U^{T)){x)dT. 
Jl/2 

The limit as £ —> in (|6.19p then implies that for all a; G M, 

U{x, 1) = -1/2 + Hi{x, 1) - / d^pi{l - t) * {x) dr 

Jo ^ 

- f pi{l-T)*{U{r)U^{T)){x)dT. 

Jl/2 

This completes the proof of (|6.17p . thanks to the self-similarity of U. □ 
Proof of Theorem \1.8[ We have to prove that for all r > 

(6.24) P(|X-c| <r) <P(|y-0| <r). 

Let us verify that c and are the medians of X and Y, respectively. First, a simple 
computation allows to see that pi{x, 1), defined by Fourier transform by pi{S.i 1) = 
e~l^l, also satisfies formula (|1.12p . This density of probability is even and the 
median of Y is null. Second, by property p3 of Theorem 11.71 Ux{l) is symmetric 
w.r.t. to the axis {x = c} and the median of X is c = "~ ^"^ . 

In particular, the centered random variable X — c admits a density being the 
even function 

fx-cix)^Ux{x + c,l)- 
It becomes clear that (|6.24p is equivalent to the following property 

(6.25) > Fx-ci^) < Fy{x), 

where Fx-c and Fy are the cumulative distribution functions of X — c and Y, 
respectively. 

Let us compute these functions. First, we have seen above that fx-c{x) = 
14(a;, 1), where V is defined by the transformation (|6.1|) . Let us recall that V is 
the self-similar solution to (jl.ip with initial datum V{x,Q) = ±1/2 for ±x > 0. 
Hence, Fx^c is equal to V{-, 1) up to an additive constant, which has to be 1/2 by 
property p2 of Theorem 11.71 that is to say, we have Fx--c{x) — 1/2 + V{x, 1) for 
all X S M. Second, we defined Hi in Proposition 16.61 such that Fy{x) = Hi{x, 1). 
By this proposition, we have for all x G M, 

Fx-c{x) ^ Fvix) ~ gix), 

where g{x) is defined by 

(6.26) g{x) = dxpiil^r)^ ' ' {x) dr 

+ / T-Vi(l-r)*(n-/T,l)T4(-/r,l))(x)dr. 

Jl/2 
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One concludes that the proof of (|6.25p . and thus of (I6.24p . is equivalent to the proof 
of the positivity of g{x) for positive x. But, by definition of g, it suffices to prove 
that for each t G (0, 1) and x > 0, 

(6.27) - r) * {VUt, l)K(-/r, 1)) {x) > 0. 

Indeed, the second integral term in (j6.26D would be positive, and the first integral 
term also, since for fixed r, 

- r) * (a;) = r-i - t) * {V{-/t, l)F,(./r, 1)) (x). 

Let us end by proving inequality (j6.27l) , thus concluding Theorem 11.81 It is 
clear that the function V{-/t,1)Vx{-/t,1) is odd, since V'(l) is odd. Moreover, 
we already know that 14; (1) is non-negative, even and non-increasing on (0,-|-oo), 
since 1^(1) is non-decreasing, odd and concave on [0, -|-cx)). By property p5, we 
conclude that 14(1) is positive a.e. on (0, -l-oo), and thus on M as even function. In 
particular, 1^(1) is increasing and for all a; > 0, V{x, 1) > V{0, 1) = 0. 

To summarize, V{-/t, l)T4(-/r, 1) is odd and positive on (0, +oo). Moreover, it 
is clear that pi{l — t) is positive, even and decreasing on (0,-|-oo), see (|1.12p . A 
simple computation then implies that the convolution product in (j6.27p is effectively 
positive for positive x. The proof of Theorem ll.Sl is complete. □ 



Appendix A. A key estimate 

Here is an estimate from the lines of ^14, Proof of Lemma 3.1]. 

Lemma A.l (inspired from [14 ). Let a £ (0,2] and let us consider a function v 
such that for all a> 0, v € C^'(R x (a,+oo)) n L°°(0, -|-oo; ^^(M)). Assume that 
for all p G [2, +oo) and t > 0, 

(A.l) [ vt\v\P^^vdx+ [ IvlP-^vA'^vdx <0. 

Then there is a constant C — C'{a) > such that for all p G [1, +oo] and all t > 

(A.2) \\v{t)\\p < Ct-i(^-^)\\v\\L^^o, + oo:L^)- 

The proof is based on the so-called Nash and Strook-Varopoulos inequalities. 

Lemma A.2 (Nash inequality). Let a > 0. There exists a constant C'n > such 
that for all w G L^(R) satisfying A°'/^w G L^(R), one has 

< C^.||A"/2^||2||^«||f . 

Lemma A. 3 (Strook-Varopoulos inequality). Let a G (0,2]. For all p G [2,+oo) 
and w G LP-^(R) satisfying A^w G L°°(R), one has 

J \w\P-^wA°'wdx>^^^^^^ J (^A°'^'^\w\P^^y dx. 

Remark A. 4. (1) In the case a = 2, simple computations show that one has an 
equality in place of an inequality. 
(2) As suggested by the proof below, the second lemma is valid for all p G 
[1, -|-oo) with w, A^w G LP(M), as well as in the muldimensional case and for 
more general operator A" satisfies the postive maximum principle (see [lOj). 

Proofs and references for these results can be found in [T^l [13] ■ Let us give them 
for the sake of completeness. 
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Proof of Lemma ] A. ^ Let us first prove the result for (p E I?(M). By Plancfierel 
equality, one has 

J\i\<r •'\i\>r 

for all r > 0. Then, one gets 

< 2rMl + r-"||A"/Vl|^ < 2r|l^|l? + r-^A^/Ml 

Now an optimization w.r.t. r > gives the result for ip smooth. The result for w 
as in the lemma is deduced by approximation. □ 

Proof of Lemma \A.3[ Let us proceed in several steps. 

Step 1: a first inequality. Let us prove that for all /3, 7 > such that /3 + 7 = 2, 
one has for all non-negative reals a, b 

(A.3) (a'^-6^)(a^-6^)>/37(a-5)2. 

Let us assume without loss of generality that a > 6 > and /3 < 7. Developping 
each members of (jA.3p . one sees that this equation is equivalent to 

(1 - h) (a' + 6') 

> a^b^ + a^f" ~ 2Pjab = [abf (a^^-^) + fe^^-^) - 2f^j{ab)'-^) . 
Since one has 1 — /37 = (1 — and 

^2(i-« _^ ^2(i-« _ 2(3j{ab)'-0 = (fli-^ - b'-^f + 2(1 - /37)(a&)i-^ 
one deduces that (|A.3p is equivalent to 

(1 - (a2 + 52 _ 2ab) - (1 - /3)2(a - bf > {abf [a^-^ - b^-^f ; 
that is to say, one has to prove that for all (3 E (0, 1] and a > 6 > 

(1 - /?)(a - 6) > (a6)^/2 {a^-f> - b'-^) . 

Dividing by 5 > and denoting x the variable |, one has to prove that for all (3 E 
(0, 1] and X > I 

g{x) = {l-p){x~l)- + 2:^/2 > 0. 

Since g is continuous w.r.t. x E [1, +00) with 17(1) — 0, it suffices to prove that g'{x) > 
for all a; > 1. One has 

g'{x) = 1-13- {I- 13/2) x-^l^ + ^ 

Again g' is continuous with g(l) = 0, so that the proof of (jA.3l) reduces finally to 
the proof of the non- negativity of g"(x) for all a; > 1. One has 

g"{x) = ^(1 - f3l2)x-^~^l-' + f + /3/2)^-'+''/', 

? 

so that 5" (a;) > is equivalent to x^^^ > 1, which is true for f3 E (0, 1] and a; > 1. 
The proof of (jA.3|) is complete. 
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Conclusion. Take tp E Cc(M) and assume ip >0. For all r > and /3,7 > 0, one 
has 

=gJ [ 

J J\x^y\>r \x-y\^+°' 
J J \x~y\>r 1-^ y\ 

by changing the variable {x,y) — >■ {y,x) and using the fact that the measure 
is symmetric. It follows that 

^^A(o)^^ dx = ^n ^^^^ 

^ J J\x-y\>r \X y\ 

On using Step 1, one deduces that for ah V e Cc (M), V' > 0, ah /3, 7 > 0, + 7 = 2 
and alH > 0, one has 

(A.4) / ?/'^A(°V' da; > /37 / ^pAi°^dx. 



Take now ip € I'(M), if > and p > 1. Let us choose ijj = f^^'^, 13 = 2/p 
and 7 = 2- /3 = 2 (l-i). Equation (|A.4p gives: 



^^'-iA(°Vrf2; > ^^^^ / ^p/2a("V''/' da;- 

Hence, for ip E I?(M) not necessarily non-negative, Kato inequality (with 77(-) 
I convex) implies 



\ip\P^^ipAl°^pdx 

> I wr'mp\dx, 

JR 

4(p-l)G„ /■ f (|^|P/2(y)_|^|p/2(^))2 



'|a;-a|>r 

Passing to the limit as r — >• 0, one concludes that 

lifilP-^pA^ifdx 



- 2 A A 



This proves the result for ip G I?(K) non-negative. The proof for w as in the lemma 
is complete by approximation. □ 

Before proving Lemma lA.ll one needs to establish a relationship between the 
differential inequality (|A.1I) and the L^-norm in space of v: 
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Lemma A. 5. Let v such that v e Cj^{R x (a, +00)) n L°°((0, +00); Li(M)) for 
all a > 0. Then for all p G [2, +00), the function i > — > is locally 

Lip schitz- continuous with for a.e. t > 

(A.5) il||^(i)||P= f vt{x,t)\v{x,t)r\{x,t)dx. 

pat ^ Jr 

Proof. Let {fnjneN G ^{M. x (0, +00)) be a sequence such that 

hm„ ipn — V in C^{K) for all compact K <zM.y. (0, +00) and fc € N, 
Wn}n&i is bounded in C^(R x (a, +00)) for all a > and A: G N, 
\ipn\ < \v\ for aU n eN. 

(such a sequence is easily constructed by taking ipn = v9„, with < 6l„ < 1, ^ 1 
in C''{K) and {On}neN bounded in C'^(R x (a, +00))). One has for all p e [2, +00) 
and t,s > 0, 

\\Mmf,-Wnis)\\f, r r\ 

= / / Ifny ipnOriPndxdT. 

P JrJs 

By the dominated convergence theorem, one gets 



lim 



+ p 



lim / / \ipn\^ ^(findripndxdr, 

n— >+oo 



t 

Vt\v\^~'^v dxdr. 



But the dominated convergence theorem also allows to prove that 

n—y+co p p 

By uniqueness of the limit, one deduces that 

Since r — )■ J-g^Vr{x,T)\v{x,T)\P^'^v{x,T) dx is bounded outside all neighborhood 
of r = 0, the proof is complete. □ 



Proof of Lemma \A.l\ The proof follows [IT, Proof of Lemma 3.1]. One deduces 
from (jA.ip and Lemmata I A. 31 and I A. 51 that for all p e [2, +00) and a.e. t > 0, 



dx < 0. 



(A.6) |||,(t)|l^ + 4(^l-i)^(A"/2|.r/^)' 

Let us now prove (|A.2p for p ~ 2" by induction on n > 1. In the sequel, Cq denotes 
the constant ||w||l°o(o,+cx).li)- For p = 2, one uses (IA.6I) and Lemma [A. 2 1 to get: 



|||.(t)||^ + 2C^iCo-2"||.(t)||f+")<0, 



\vit)\\2 < CiCot-* with Ci = I §^ 



which leads to 



2a 

Suppose now that for n>2 there is a constant C„ such that for alH > 

\Ht)h^<CnCot~^^'-^'"). 
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Then, for p = 2"+^, (jA.6|) and Lemma rA.2l applied io w — w^" gives: 
By the inductive hypothesis, one gets 
which leads to 

|kW||2.^ + i < g„+lCo^' ""°""' with Cn+l^Cn(^^ ° (2"2-"-')°. 

Now it rests to prove that lim sup„_^_|_j^ C„ < +oo; indeed, the limit n — > +oo in 
the inequality above will gives (|A.2I) for p — +c» and the proof of the lemma will 
be complete by interpolation of the L^- and L°°-norms. 
One has 

lnC„+i - lnC„ = In ( '^"^^ ) = In ( ^ ) + — ln2 = u„, 

\ Cn J Oi \ 2a J a 

where the serie is convergent. Summing up all these inequalities for n = 
1, . . . ,iV, one gets for ah iV > 1, InCw+i = InCi + The limit N +oo 

then gives: 

lim In Cn = In Ci + Ufc G M, 
so that lim„_^+oo Cn exits in M. □ 

Appendix B. Proof of Theorem 14. II 
Inequality from the following proposition is the starting point to prove Theorem 

Proposition B.l. Let uo,uo G and e > 0. Let u'^ and u'^ be the solutions 

to l \4-l^ - ^T^ with the initial data uq and uq, resp. Then 

(B.l) / \u''{x,t) - u^{x,t)\dx < i Sl{t)\uQ-uti\{x)dx 



J-R J-R~Lt 

for all t > and R > 0, where 

(B.2) L= max |/'(z)| and M = max{||uo||oo! ||tio||oo} • 

ze[-M,M] 

Even if this result does not appear in P] , its proof is based on ideas introduced 
in [2 Thm 3.2]. This is the reason why we only sketch the proof of Proposition lB.il 
the reader is referred to p] for more details. 



Sketch of proof of Provosition \BJ\ The solution of (|4.ip - (|4.2p satisfies 
(B.3) / I (T^{u^)ipt + <i){u')ip^)dxdt 



+ 00 



( - 77(m'^)A("V - Vv'ii^'') A(°)u") dxdt 



+ 00 



-e / / {ri{u^))^tpxdxdt + / ri{u'^{x,a))ip{x,a)dx > 0, 

JR J a JR 

for all tp e I?(M X [0, +oo)) non-negative, rj e C^(M) convex, (p' — iff and a,r > 
0. To show this inequality, it sufHces to mutliply (14. ip by ri'{u'^)ip, use the Kato 
inequalities (|2.4p and integrate by parts over the domain M x [a, +oo). Now, let us 
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introduce the so-caUed Kruzhkov entropy-flux pairs (rjk, 4>k) defined for fixed fc e M 
and all u e M by 

rik{u) = \u-k\ and cf)k{u) = sigTL{u - k) {J{u) - f{k)) , 

where "sign" denotes the sign function defined by 

1, -u > 0, 
sign(u) = ^ -1, u < 0, 
^0, u = Q. 

Consider a sequence {rf^^neM C C^(]R) of convex functions converging toward r^k 
locally uniformly on R and such that (ry^)' — >■ sign(- — k) pointwise on R by being 
bounded by 1, as n +oo. The associated fluxes = '"^'ki'^)!' {T)dT then 

converge toward 4>k pointwise on K, as rt — ^ +cxd, by being pointwise bounded 
by |</>^(u)| < sign(u — k) |/'(T)|dr. By the dominated convergence theorem, the 
passage to the Hmit in (|B.3|) with (77, 0) = (?7^, 0^) gives 

(B.4) j r (^\u' -k\^t+sign{u' -k){f{u')- fik))^x'^dxdt 

+00 ^ 

- /c|A(°V - '/'sign(w^ - A:) A^^^wM dxdt 

— e j / sigTL{u'^ — k)u'l. (fix dxdt + I \u'^ {x,a) — k\tp{x,a) dx > 
Jr Ja Jr 

for all (f e 2?(R x [0,+oo)) non-negative, a, r > and fc e M. In the same way, 
similar inequalities hold true for u^. 

On the basis of these inequalities, we claim that the well-known doubling vari- 
able technique of Kruzhkov allows us to compare and u^. To do so, we have 
to copy almost the same computations from [T], since the beginning of [1] Sub- 
section 4.1] until [U equation (4.11)] with u = and v = The only dif- 
ference comes from the term —e J^°° sign(w'^ — k) fx dxdt in (|B.4[) and the 
term —e J-^ Ja°° sign(u^ — k) u% ip^ dxdt in the entropy inequalities of . But, these 
new terms do not present any particular difhculty, since and are smooth. Ar- 
guing as in 1], one can show that for all <j) € 2?(Rx [0, +00)) non-negative and a > 0, 



-{-00 



L\(j)x\- dxdt 
+00 



sign(u'^ — u^) (u'^ — u^)x 4'x dxdt 

+ / \u^{x,a) — u^{x,a)\(j){x,a) dx > 0, 



where L is defined in (|B.2p . Since is Lipschitz-continuous on Rx [a, +00), its 

a.e. derivative is equal to its distribution derivative with sign(u^ — u^) (u'^ — u'^)x = 
— M*^!)^ . By integrating by parts, we deduce that 

+00 

-v^^\{(t)t + L\(t)^\- g[(j)]) dxdt 



+ I \u'^ {x,a) — u'^{x,a)\4>{x,a) dx > 
Jr 

where g[(f)\ = (A" — £9^) (f). Passing to the limit as a — > 0, thanks to the continuity 
with values in L]^^{R) of u'^ and in Theorem 13.11 one can prove that for all 
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non-negative cf) £ 2?(K x [0, +00)) 

(B.5) / / \u' -u^\{4>t+L\4>^\-g[(j)]) dxdt 



\uq{x) — uq{x)\(I){x, 0) dx > 0. 

This is almost the same equation as that in pHj equation (4.11)] with the diffusive 
operator g = A" — ed^ instead oi g = A". Hence, we can argue exactly as in [1] 
Subsection 4.2] replacing the kernel of A" by the kernel of the new operator A" — 
ed^. This gives the desired inequality (|B.ip in place of the inequality [TJ equation 
(3.1)]. □ 

Proof of Theorem \4-l\ Now, we are in a position to prove the convergence result in 
Theorem 14.11 The proof follows two steps: first we show the relative compactness 
of the family of functions J- = {u' : e € (0, 1]} and, next, we pass to the limit in 
entropy inequalities. 

Step 1: compactness. Let us prove that 

(B.6) T is relatively compact in = C([0, T];L'^{\-R, R])) 

for all T, i? > 0. The space F being a Banach space, the statement (jB.6p is equiv- 
alent to the precompactness of J-: 

V/i > BJ^i ^ P relatively compact such that 
(B-'') lim sup A\siF{u\F^) =0. 

To construct J-^ , we consider an approximation of the Dirac mass 

p^{x) = p-^p{p~'^x) 

with a smooth, no n- negative function p = p{x), supported in [—1, 1] and such that 
/jj p(x) dx = 1. Then we define 

J-^ = {u^:£e(0,l]}, 

where = u'^ *x Pp, and *x denotes the convolution product with respect to the 
space variable. 

First, we have to prove that J-^ is relatively compact in F. By estimate p.7p . it 
is clear that 

(B.8) ||u^||oo < ||wo||oo and ||9xW^||oo < ||uo||oo||9:r/9^|ji. 

Moreover, using equation (|4.ip satisfied by u"^ we obtain 

(B.9) dtul = -A'^ul + sdX - - 0. 

Applying the equalities A"u^ = A"(w^ *x Pfj.) — *x {^°'Ppi) we see that 

IIAXIloo < h1|oo||A>^||i < ho||oo||A>^||i. 

The same way, one can prove that 

\\dxu''^\\oc < ||wo||oo||9^/5mIIi and \\{f{u''))x *x <c^(ll '^0 II 00 

Consequently, it follows from equation (IB.9|) that for every fixed p > 0, the time 
derivative of is bounded independently of £ S (0, 1]. By (|B.8p and the Ascoli- 
Arzela Theorem, we infer that 7"^ is relatively compact in Cb{[—R, R] x [0, T]) and, 
a fortiori, in F. 

Next, we have to prove that lim^^^o sup„egjr disti?(u^, J^i) = 0. Applying Theo- 
rem |BTT] to the following simple inequality 

/R 
/ \u%x,t)~u%x~y,t)\p^[y)dxdy 
-R J -p. 
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we get 

\\u%t)-ul{t)\\Lm_R,R]-) < sup [ \u^x,t)-u^{x-y,t)\dx, 

\y\<fj.J~R 

/R+Lt 
S'a{t)vy{x)dx, 
-R-Lt 

where Vq{x) = \uo{x) — uq{x — y)\. Consequently, by Lemma lC.ll in AppendixO we 
see that there exists a modulus of continuity w such that for all r > and e G (0, 1] 

l-R+LT+r 

llu" - u^lk < sup / v^{x)dx + \\v^\\ooUj{l/r). 

\y\<fj,J -R-LT-r 

The continuity of the translation in implies that 

fR+LT+r 



Vq{x) dx = 0. 

-R-LT-r 



' \y\<fj. J -R-LT-r 

Hence, it is clear that lim^^o sup^gj-g^i] \\u'^ — u^||_f = 0, which proves (jB.7p and 
thus (|R6l) . 

Conclusion: passage to the limit. It follows from the first step that there 
exists V £ C{[0,+oo);Lj^^(M.)) such that lim^^oW^ = v (up to a subsequence) 
in C{[0,T]; Lj^^{M.)) for all T > 0. Passing to another subsequence, if neces- 
sary, we can assume that m*^ — > w a.e. From inequality p.7p . we deduce that 
V G L°°(R X (0, +00)). What we have to prove is that v — u, however, by the 
uniqueness of entropy solutions (c/. Theorem I2.2p . it suffices to show that v is an 
entropy solution to (PT7)) - (|^ . 

Let 77 e C^(R) be convex, 0' — rff and r > 0. Integrating by parts the 
term —e Jt^J^°° {il{u^))^(px dxdt in (|B.3|) and passing to the limit a — in this 
inequality, we get 



+00 







{r]{u')^t + (l>{u')^x - r/(u^)A("V " Vv'{u') A(°)u^) dxdt 



+ / r]{uo{x))ip{x,0) dx > —e / / ri{u^)ipxx dxdt. 



+00 







Finally, let us recall that w*^ — >■ w a.e. as e — and that is bounded in L°°-norm 
by ||uo||oo- Hence, the Lebesgue dominated convergence theorem allows us to pass 
to the limit, as e — > 0, in the inequality above and to deduce that 



dxdt 



+ / r]{ua{x))ip{x,0)dx > 0. 

Hence, according to Definition 12.11 and Theorem 12. 2[ the function v is the unique 
entropy solution to (|2.7p - (j2.8p . The proof of Theorem 14.11 is complete. □ 

Appendix C. Additional technical lemmata 

Lemma C.l. There exists a modulus of continuity oj such that for all vq G i°°(M), 
all T, R^r > 0, and all e G (0, 1], we have 

pR+Lt pR+LT+r 

sup / Sl^{t)\vQ\{x) dx < / |wo(a;)|da: + ||'(;o|loow(l/r). 

te[0,T]J -R-Lt J -R-LT-r 
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Proof. First, we write 

/R+Lt 
SU't)\'"o\ix) dx 
-R-Lt 

/R+Lt 
Pa{t) *P2{£t) * \vo\{x) dx 
, -R-Lt 

rR+Lt 

sG[0,r] tG[0,T] J -R-Lt 

Now, for every s G [0,T], we estimate from above the following function 

fR+Lt 



l-R+Lt 

< sup sup / pa{t) * p2{es) * \vo\{x) dx. 

sGlO.Tl tGfO,Tl J -R-Lt 



Pa{t) * ^0(2^) dx^ 

, , -R-Lt 



where wq = p2{£s) * |?;o|- Using properties of the kernel Pa and its self-similarity 
(see p.5p ) we obtain 

R+Lt /. /. 

Pa{t) * wo{x) dx ^ / pa{y,t)wo{x - y)dxdy 

R-Lt J\x\<R+Lt J\y\<r/2 

Pa{y,t)wQ{x - y) dxdy 

\x\<R+Lt J\y\>r/2 

/R.+Lt+r/2 
\wo{x)\ dx 
-R-Lt-r/2 

1 II ^0 II 00 

2{R + Lt) / Pc.{y,t)dy 

J\y\>r/2 

R+Lt+r/2 

|u'o(x)| dx 

-R-Lt-r/2 



+ \\wo\\oc,2{R + Lt) ^ pa{x,l)dx. 

■J\x\>t ar/2 

Computing the supremum with respect to t € [0,T] we infer that 

l'R+LT+r/2 

M{s)< |wo(a;)|rfa: + |lwo|loow«(l/r), 

J -R-LT-r/2 

where tOa '. [0, +00) — > (0, +00) is defined by 

LUail/r) = {2R + 2LT) ^ pa{x,l)dx. 

J\x\>T~ir/2 

It is clear that the modulus of continuity cj^ is non-decreasing and satisfies 

lim ujai^/f) — 0. 

r— >-+oo 

Finally, since Hwolloo = ||P2(£s) * |wo|||oo < ll'i'olloo, we obtain 

pR+LT+r/2 

M{s) < / \wQ{x)\dx + WvoWoo^^ai^/r). 

J -R-LT-r/2 
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Analogous computations show now that 

fR+LT+r/2 i.R+LT+r/2 

\wQ{x)\dx^ / p2{es) * \vo\{x) dx 

-R-LT-r/2 J -R-LT-r/2 

pR+LT+r 

< / \vo{x)\dx + \\vo\\ooi^2{V^/r) 

J-R-LT-r 
pR+LT+r 

< / \vo{x)\dx + \\vo\\oci^2{l/r), 

J-R-LT-r 

because e < 1. 

Finahy, with the new modulus of continuity w(l/r) = W(j(l/r) + a;2(l/f), we 
have 

pR+LT+r 

M{s)< \vQ{x)\dx + \\vQ\\ooLoil/r). 

J-R-LT-r 

Coming back to inequality (IC.ip , we complete the proof of Lemma IC.ll □ 

Lemma C.2. Let I be an open interval o/ M and u G W^'°^{T) he such that € 
BV{I). Then, for a.e. x €z I and all z Cz I ~ x, we have 

u{x + z) = u{x) + Ux{x)z + / \x + z — y\ Uyy{dy), 
where I^^z = {x,x + z) if z > and I^.z = {x + z, x) if not. 

Proof. We can reduce to the case / = (a, b) with a, & G K. Let us assume with- 
out loss of generality that z > 0. Since Ux G BV{I), the function Ux{x) = 
c + J(^ci x]^yy^^y^ representative of u^, where c is the trace of on 

the left boundary of /. The trace of Ux & BV{Ix,z) onto {x} is equal to Ux{x), 
because {x} is the left boundary of Ix+z ■ Simple integration by parts formulas now 
give 



u{x + z) = + / Uy{y)dy 

= u{x) - I (y - X - z)uyy{dy) +Ux{x)z. 
The proof is complete. □ 
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